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A statistical mechanical analysis of the role of bond stretching and angle bending terms, as well
as of dummy atoms, in alchemical free energy simulations is presented. It allows one to resolve
several ambiguities concerning their treatment from first principles. The relative importance of
vibrational, Jacobian factor and potential-of-mean-force-like contributions from bonded energy
terms to single and dual free energy differences is compared. Additional conclusions can be
drawn for dummy atoms. In particular, it is shown that double free energy differences obtained
in thermodynamic cycle calculations can always be made independent of the treatment of dummy
atoms. Further, the equivalence of single and dual topology calculations in such applications
is demonstrated. The theoretical considerations are accompanied and illustrated by simulation
results for the free energy difference of solvation between iso-butane and propane.

Keywords: Jacobian factor contribution; Vibrational contribution; Potential-of-mean-force-like
contribution; Dummy atoms; Thermodynamic integration

1. INTRODUCTION

The calculation of free energy differences of biomolecular processes is
undoubtedly among the most interesting applications of molecular
dynamics (MD) or Monte Carlo (MC) simulations. It has become a widely
used tool in computational chemistry and molecular biology, as well as in
pharmaceutical research [1—3]. While the underlying theory is straightfor-
ward and predates computer simulations [4, 5], numerous practical details
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require great care to obtain accurate and precise results. Methodological
issues that often cause problems in practice include the so-called van der
Waals endpoint problem [6—9], the treatment of electrostatic interactions
[10—12], the correct calculation of bonded and constraint free energy
contributions [13—15], and the handling of dummy atoms [16]. Overlooking
even a single, apparently insignificant detail can lead to wrong results, or, at
least, slow down the convergence of the calculations considerably. The latter
is almost equally undesirable because free energy simulations are in any case
very demanding in terms of computer time.

This paper addresses two related methodological difficulties just
mentioned, the contributions from changes of bonded interactions (mainly
the bond stretching and angle bending force field terms) to alchemical free
energy differences, and the use of dummy atoms in such calculations. A
number of existing studies on these topics, e.g. [17—22], were concerned with
finding a solution to a practical problem encountered. Often, the results
obtained were specific to a particular simulation program, and several
contradictory reports in the literature regarding the importance of bonded
free energy contributions were the consequence [17,23—27]. These were
resolved only recently by Boresch and Karplus [14,15]. Starting with a
detailed comparison of the so-called single and dual topology methods [28],
their two-part study discussed various aspects of the treatment of bonded
energy terms in free energy simulations and concluded with comprehensive
methodological recommendations. The related topic of dummy atoms was
studied as well. More recently, Shobana er al. also addressed issues
concerning the use and handling of dummy atoms [16]. Since Refs. [14—16]
focused on practical problems, the connection between the methodological
aspects investigated and the underlying statistical mechanics was not shown
very clearly. A primarily theoretical analysis, however, should be insightful
for two reasons. First, it may permit one to derive earlier results in a more
straightforward fashion. Second, the conclusions obtained have to be
independent of methodological details, e.g., they should be valid for single
and dual topology simulations alike.

Such a statistical mechanical analysis forms the core of the present work,
which is organized as follows. In the main part of the paper (Sect. 2), the
physical origin of the contributions from changes in bonded interactions to
free energy differences is derived from first principles, the configurational
partition function of a polyatomic molecule in solution. In addition, a
number of important consequences concerning the correct treatment of
dummy atoms are deduced. The validity and the practical utility of the
theoretical results are illustrated by calculations of the solvation free energy
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difference between iso-butane and propane (Sect. 3). The paper ends with
a discussion that relates and compares the insights obtained from
the theoretical considerations to current simulation practice (Sect. 4). In
an appendix it is outlined how to compute analytically the free energy
difference for the removal of dummy atoms from the system of interest.
Several aspects of bonded free energy contributions, which have already
been covered exhaustively in Refs. [14] and [15] are omitted here: The
practical differences between using thermodynamic integration and thermo-
dynamic perturbation (the exponential formula) are not re-analyzed. Boresch
and Karplus demonstrated very clearly (both from a methodological, as well
as from a theoretical point of view) why the free energy difference of breaking
(or of the formation) of bonds cannot be obtained from simulations. (While
useful for illustrative purposes, the one alternative outlined in Ref. [14] is not
practical for more complicated systems.) Finally, the subtleties concerning
constrained degrees of freedom are not discussed; aside from the brief
overview given in Ref. [14] we refer the reader to two very detailed treatments
of the connection between constraints and free energy simulations [13, 29].

2. THEORY

No review of the theory of free energy simulations and, in particular, of the
use of thermodynamic cycles is given since several presentations are widely
available, e.g. [3]. The goal of this section is to make clear the physical origin
of the contributions to free energy differences calculated by computer
simulations that result from changes in bonded energy terms. To accomplish
this, we first bring the configurational partition function of a polyatomic
molecule in solution into a form which can be related to the special situation
found in free energy simulations (Sect. 2.1). Based on this expression, the
types of contributions arising in alchemical free energy simulations from
bonded terms are analyzed (Sect. 2.2). Additional conclusions can be drawn
for the special, but important case of dummy atoms (Sect. 2.3).

2.1. The Configurational Partition Function
of a Solvated Polyatomic Molecule

The starting point for the derivations of this subsection is the classical
mechanical partition function [30]

chass = /drdpexp(—H(r,p)/kBT), (1)
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where H is the Hamiltonian of the system (polyatomic molecule in solvent),
kg is the Boltzmann constant, and 7 is the temperature. In Cartesian
coordinates r, the integration over the conjugate momenta p for each of the
N atoms can be carried out immediately, and one obtains the familiar
expression [30]

N
chass =Z H A;3 (2)
i=1

where Z is the configurational partition function, and A;=h/QQrmkzT)"?

is the de Broglie wavelength (% is Planck’s constant, and m; is the mass of
atom i).
We now focus on the configurational partition function [30]

7= /V drexp(—U(x) /kyT) 3)

of the solvated polyatomic molecule (as usual, U denotes the potential
energy). Our goal is to rewrite it so that the role of bonded energy terms
becomes clear. As the first step, we distinguish between the intra-solute
interactions Upp(rp), the solute—solvent interactions UpyArp,Tw ), and the
solvent —solvent interactions Upyp(rw), i.e.,

U(l') = Upp(l‘p) + Upw<l'p,l'w) + wa(l'w) (4)

The subscripts P and W denote solute and solvent, respectively; the
Cartesian coordinate space r has been divided into solute coordinates rp
and solvent coordinates ry. A separation of the potential energy function
U into three terms as in Eq. (4) is always possible in practice because of
the additivity of the force fields typically used in free energy simulations
[31-34].

Introduction of the potential of mean force (PMF) [35]

exp(—AW) = / dry exp[—B(Upy + Uy )] (5)

permits to formally dispose of the solvent degrees of freedom (DOF). (The
symbol 3 has the standard meaning of 1/kzT.) Simultaneously switching to
internal coordinates ¢ for the solute, the configurational partition function
becomes

z = [ a3 expl-5(Unr(@) + W@), (6)
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where |J]| is the Jacobian of the transformation from Cartesian to 3N—6
internal coordinates (bonds, bond angles, dihedral angles etc.) [13, 36, 37].
Herschbach, Johnston and Rapp (HJR) were the first to study its functional
form in great detail; Table T of Ref. [36] makes it possible to write down |J|
immediately for all coordinate transformations of practical importance. The
following two properties of the Jacobian are of particular relevance: (i) |J|
can be written as a product of factors, one for each atom i, i.e., |J|=]]; /;
and (ii) the J; depend only on the bond lengths and bond angles (and 7ot on
dihedrals), i.e., the DOF of special interest in the present context.

We, therefore, distinguish between L hard q and 3N —6— L soft Q DOF,
i.e. {q} = {q,Q} (¢f. Ref. [37]), and always include the bond stretching and
angle bending terms in the hard DOF q. Equation (6) then can be
rearranged and becomes

z= / dqdQ |3(q)| exp[— AU (a)] exp[—B(Upp(Q) + W(a: Q)] (7)

Equation (7) simplifies considerably if one replaces the hard DOF q in
J(q) and W(q;Q) by their respective equilibrium values qq. Setting q=qq
implies the validity of the rigid rotator (RR) approximation [36,38] and
independence of the q from nonbonded interactions; the justification of these
two assumptions is discussed shortly. With this approximation one can
separate terms depending on q and Q

Z=|J(q=qo)| /dqexp(—ﬁUpp(q))
(8)
< / dQ expl—A(Upp(Q) + W(q = q0; Q))]

The configurational partition function has become a product of three
factors: the Jacobian |J(q=qo)|, an intra-solute contribution arising solely
from the hard DOF (i.e., bond stretching and angle bending terms), and a
configurational integral over the soft DOF (i.e., the remaining dihedral
angles).

Instead of discussing Eq. (8), we consider a somewhat more special case,
which is slightly more insightful, and which makes the present derivations
consistent with Refs. [36,37] and [39]. If Upp(q) is described by a
(generalized ) harmonic potential function (this is, in fact, often the criterion
to define a hard DOF?!)

Unela) =3 Kylas — 410)(; — 410) )
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the first integral in Eq. (8) can be evaluated analytically to give [36—38]

1/2
(rkp)-]"

/dlep(*ﬂUPP(q)) = l—detK

Here detK is the determinant of the force constant (second derivative)
matrix of Upp(q) with elements KijzazUpp/quaqj, ¢f. Eq. (9). Combining
Eqgs. (8) and (10) and using |J(q=q¢)| =]]/; (¢/- above and Refs.[36,37]
and [39]), we finally obtain

SIIETS

x / dQexp[—(Upp(Q) + W(q = q0:Q))] = ZiZusZowr. (1)

(10)

1/2

Equation (11) is the main result of this subsection. It shows that the hard
DOF q (i.e., mainly the bond stretching and angle bending terms) contribute
to Z in a threefold manner. They appear in the Jacobian factor contribution
to the configurational partition function Z; =[[/;, in the determinant of the
force constant matrix K in Z,;;, (Eq. (10)), and as constants in the remaining
configurational integral Zp,,r over the soft DOF Q. The first term, Z,, is a
product of bond lengths and bond angles [36,37,39] and reflects
the geometry of the solute. Z,; is a function of the force constants of the
harmonic force field terms; it seems reasonable to label this term the
vibrational contribution of the solute to the configurational partition
function of the system. The third term, Zp,,r, contains the contributions
from the soft DOF, as well as all contributions from solvent (i.e., from
solute —solvent and solute—solvent interactions). The contributions invol-
ving the solvent (which are contained in the PMF W/(qq, Q), hence the label
Zpyr) depend on the geometry (size, shape ezc.) of the solute, and, thus,
are, in part, determined by the (equilibrium values of the) bond lengths and
bond angles qo.

The separation of the configurational partition function achieved in going
from Eq. (7) to Eq. (8) or, alternatively, to Eq. (11) relies on the validity of
the RR approximation and the independence of the hard DOF q from
interactions with the solvent. For bond stretching and angle bending terms
described by harmonic force field terms, both assumptions are reasonable
in the majority of cases. Furthermore, it should be kept in mind that we
are primarily interested in qualitative insights. Thus, even in instances when
it may not be exact to interpret the role of the hard DOF in the
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configurational partition function in terms of three separable factors,
Eq. (11) still serves to emphasize the three physical origins of contributions
from q to Z.

2.2. Consequences for (Alchemical) Free Energy Differences

Having suitably rearranged the configurational partition function of a
solvated, polyatomic molecule (Eq. (11)), we can now address the role of
bonded energy terms in free energy differences. We first focus on alchemical,
single free energy differences; then we discuss the in practice much more
important double free energy differences resulting from thermodynamic
cycle calculations [3,40]. The subsection is concluded by a comparison of
the so-called single and dual topology methodology [28].

2.2.1. Single Free Energy Differences
Inserting Eq. (11) into

Z
AA = —kBT1nZ—-f, (12)

1

where the subscripts i and f denote the initial and final state of the system,
one obtains

AA = AA; + AAip + AApur

12
Jis(ar0) lln<detKl>

1
i TT ks \e0) - 2
B Lt Jkildio) B \detKy

L [fde exp[—0 f((lm;Qf)]]
3 :

[dQi exp[—BW;(qio; Qi)] (13)

In the above equation use has been made of the shorthand
W(q = qo; Q) = Upp(Q) + W(q = qo; Q). The overall (single) free energy
difference AA is the sum of three terms to which we refer as Jacobian factor
(AA,), vibrational (AA4,,;) and PMF-like free energy contribution (A4 pyr);
this is, of course, an immediate consequence of the factorization of the
configurational partition function (Eq. (11)).

To illustrate the general Eq. (13), we consider the special case of the free
energy difference between two diatomic molecules in solution that differ in
the parameterization of the harmonic bond term (force constant K,

equilibrium bond length ry), as well as the nonbonded parameters describing



18: 48 14 January 2011

Downl oaded At:

20 S. BORESCH

the interaction of the diatomic molecules with the solvent. (Numerical
results for such a system were presented in Ref. [15].) For this simple system
the Jacobian factoris V x 47rr§ (V is the volume of the system), and the force
matrix K consists of a single term, the force constant K [14, 36, 39]. Since
there is only one hard intramolecular energy term (the bond), Zp,,r reduces
to exp(—BW(ry)) (¢f. Eq. (5)). Thus, Eq. (13) becomes

1. (1 1. (K\'"?
AA = —Bln <:f2_E> — Bln (E) -‘r-[Wf(rf_()) — Wi(}’jwo)} (14)

This simple system is particularly useful to highlight one more time the role
of the bonded DOF in A A pyr: The change of the (equilibrium) bond length
from r;o to r;o modifies the solute—solvent and solvent—solvent interac-
tions; this constitutes one of the contributions to AApyr In this system
it can be easily as important as the free energy difference resulting from the
changes of the Lennard-Jones parameters and charges of the solute.

2.2.2. Double Free Energy Differences

So far, we have focused on the role of bonded energy terms in single free
energy differences. However, most practical applications are based on
thermodynamic cycle calculations, i.e., double free energy differences [3, 40].
The two steps involve the identical alchemical mutation in a different
environment. For example, to compute a solvation free energy difference,
solute I is transmuted into solute II in the gas phase and in solution.
Similarly, in ligand binding calculations, the same alchemical transforma-
tion is carried out for the ligand in solution and for the ligand bound to its
receptor. Applying Eq. (13) to such parallel steps, one sees that identical
Jacobian factor and vibrational free energy contributions are obtained,
whereas AAp,, varies depending on the environment. Thus, A4, and
AA,;, cancel from a thermodynamic cycle calculation (i.e., from double free
energy differences AAA), provided that changes in bonded terms are
handled identically in both steps of the cycle. The validity of this conclusion
relies, of course, on the single approximation q=qq underlying Egs. (8),
(11) and (13). If there are deviations from the RR approximation and the
independence of bonded energy terms from solute—solvent interactions, the
cancellation of the Jacobian factor and vibrational free energy contributions
from AAA is not exact and so-called self terms are obtained [14, 15]. The
failure to detect such contributions in a recent study suggests that the
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assumption q=gqq is reasonable for bond stretching and angle bending
DOF [14,15].

The (at least approximate) cancellation of A4; and AA4,,;, from double
free energy differences partially justifies the omission of one or both of these
two contributions by many (single topology) computer codes, most notably
AMBER [17,41,42]. It should, however, be kept in mind that for single free
energy differences these terms are required. Also, to ensure that possible self
term contributions to double free energy differences are not omitted (even if
they are likely to be small, ¢f. above), the inclusion of all three types of
bonded free energy contributions, A4, AA,;, and AApy,r, in the calculated
free energy differences is necessary as well.

Finally, it should be mentioned that the techniques explored by HJR [36]
permit the analytic evaluation of AA; and, to some degree, also of AA4,;,.
Since the Jacobian is a product of factors for each solute atom [36, 37, 39],
only those atoms that are different in the initial and final state need to
be considered. Because of the locality of alchemical mutations (cf. the
discussion in Ref. [39]), A4, can be obtained straightforwardly even for very
complex systems. Since the force matrix is often block diagonal [36, 38],
many factors of the determinants cancel from the ratio, and the analytical
evaluation of AA4,;, may be possible as well. Examples of such calculations
can be found in Refs. [14, 15, 36] and [39], as well as in Sect. 3.2 below. Their
main use lies in correcting double free energy differences where bonded
terms were not treated identically in the two steps of the thermodynamic
cycle [39,43].

2.2.3. Single vs. Dual Topology Free Energy Simulations

At this point we have reached from first principles one of the central results
of Ref. [14], the distinction between Jacobian factor, vibrational and PMF-
like free energy contributions that result from changes in bonded energy
terms. In addition, their respective role in single and double free energy
differences was compared. There was no need to consider technical details
of the simulations, such as the choice between a single or dual topology
methodology. Background on these two approaches can be found in, e.g.
[14—-16,27,28]. The theoretical framework applies to both cases and can, in
fact, be used to make clear the differences between the two. Consider, as an
example, the alchemical transformation of RCH,Cl into RCH,Br (where R
denotes the rest of the molecule which is not affected by the mutation). The
two end states have different Lennard-Jones parameters for Cl and Br, as
well as different partial charges and bonded energy terms for all atoms of



18: 48 14 January 2011

Downl oaded At:

22 S. BORESCH

the —CH,CIl/Br group. In a single topology simulation, the various
energy terms, including bond stretching and angle bending terms, are
changed appropriately to effect the transmutation from initial to final state.
This is, of course, exactly the situation described by the present derivations
and the consequences of altering hard DOF q are made clear by Eq. (13).

In a dual topology simulation of this alchemical mutation, on the other
hand, —CH,Cl and —CH,Br are present simultaneously; both groups
are connected to R, but they never ‘““see” each other. The nonbonded
interactions of the —CH,Cl and —CH,Br groups with R and, possibly,
solvent are turned on (off) as a function of the coupling parameter. The
bonded energy terms, however, remain unchanged (this corresponds to a so-
called ideal gas molecule reference state (see Sect. 2b of Ref. [14])). In other
words, the bonded energy terms (usually including the soft DOF!) are the
same in the initial and in the final state. The hard q and soft DOF Q of a
dual topology hybrid molecule comprise the q; and qg, as well as Q; and Qy,
of a corresponding single topology arrangement. Similarly, K; and Ky are
identical, i.e., there are no changes in force constants. If one takes this into
account, Eq. (13) reduces to

AAgr = AApyrd.. = — lln fdQ eXp[—ﬂ(U(Q) + Wf(‘]o, Q))]

5 | TaQesp—50@ + Wi @) |

in the dual topology case. Since W; and W, depend on the same hard DOF
qo, AAppsra,. s solely determined by the changes in nonbonded parameters
(which differentiate W, from W;). This was already found by Boresch and
Karplus, but the present analysis does not require free energy components
as in Refs. [14] and [15]. Further, from Eq. (15) one sees immediately that in
dual topology calculations no Jacobian factor and vibrational free energy
contributions arise — after all, no bonded terms are changed! From a
comparison of Egs. (13) and (15), it is obvious that single free energy
differences obtained by a single and a dual topology calculation are different
(c¢f. Ref. [15] for numeric examples). This must be the case since the two
methodologies involve different end states. In spite of this identical double
free energy differences are obtained in thermodynamic cycle calculations;
the proof follows automatically from the considerations regarding dummy
atoms presented next.

2.3. Further Consequences for Dummy Atoms

In standard MC or MD simulations, atoms cannot be created or removed.
If, therefore, initial and final state of an alchemical mutation have different
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number of atoms (as is the case in the majority of applications; consider,
e.g., the transmutation of iso-butane into propane), placeholders, usually
called dummy atoms, are required to keep the number of atoms the same at
the two endpoints, e.g. [3, 14—16,27]. Although dummy atoms are usually
associated with single topology simulations, they are present in dual
topology simulations as well [14—16, 27].

The following theoretical analysis of dummy atoms, similar to that of
Sect. 2.2, is mostly independent of methodological details (e.g., single vs.
dual topology) and requires just two premises: (i) Dummy atoms remain
bound to the physical system of interest; in particular, bonds and bond angle
energy terms are not turned off since it has been shown that simulations in
which this is attempted do not converge [14]. (ii)) They do not participate in
any nonbonded interactions. We mention that somewhat similar considera-
tions (with a strong focus on dual topology simulations) can be found in
[16]. To denote internal coordinates in which a dummy atom participates,
the subscript D is used; i.e., qp and Qp denote the hard and soft DOF
involving dummy atoms. (In the following, q and Q represent only those
hard and soft DOF without dummy atoms). We now consider the
configurational partition of a solvated polyatomic molecule with dummy
atoms. Eq. (11) is, of course, still valid. Since dummy atoms have normal
bonded interactions (first premise, cf. above), they contribute just like
regular atoms to Z; and Z,;. By contrast, several simplifications are
possible in Zpyr= [dQdQpexpl—B(U»HQ, Qo)+ W(do, 40.0:Q.Qn))], the
remaining configurational integral (¢f. Eq. (11)), which is slightly rewritten
here to make explicit the presence of dummy atoms. First, the intramole-
cular energy Upp(Q, Qp) can be split into two terms, Upp(Qp) and Ug,(Q),
the first containing all soft DOF in which one or more dummy atoms are
involved, the second those without any dummy atoms. Second, one can
always choose the bonded energy terms in which dummy atoms participate
(both hard and soft DOF) so that W(qo,qo,n0; Q,Qp)= W(qe; Q), i.e., so
that the PMF is independent of dummy atoms (this will be shown shortly).
Thus, Zpyr becomes

ZPMFZ/dQDeXP[—ﬂU;JP(QD)]
(16)
x / dQ exp[—A(UL(Q) + W(an: Q)] = ZnZpwr

The contribution of the dummy atoms (Zp) factors out of the full
configurational integral (Zppr). Similarly to the Jacobian and the
vibrational contributions, Zp also involves only intramolecular, bonded
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energy terms and is, thus, independent of the environment (i.e., Zp cancels
from double free energy differences). The full configurational partition
function (Eq. (11)) of a system with dummy atoms can, thus, be written as

Z =Z;ZvipZpyr = ZJ,DZJZvib,DZvib,DZDZPMF (17)

where the Jacobian (Z; p) and vibrational contributions (Z,;, p) from dummy
atoms have been factored as well. The tilde indicates the contributions
from the physical system.

The factorization Z; = Z;p x Z; in Eq. (17) is always possible since
the Jacobian is a product of terms for each atom [36]. The validity of the
analogous step Zy, = Zypp X Zyip is less clear; furthermore we still have to
justify the step W(qo, qo, p; Q, Qp) = W(qo; Q) leading to Eq. (16). Although
logical at first glance (dummy atoms do not participate in any nonbonded
interactions (second premise, ¢f. above)), some care concerning the choice of
qp and Qp is required, as also pointed out by Shobana et al. [16]. Modern
force fields frequently contain many redundant bond angle and dihedral
angle DOF. For example, the new CHARMM all-atom force field [34]
automatically sets up the largest possible number of angle and dihedral
angle terms in which an atom can participate. If one or more of these ‘over-
determined’ atoms are changed into dummy atoms and if all bonded energy
terms are left intact, a coupling between the dummy atoms and the normal
atoms of the system may occur that renders W dependent on qp and/or Qp
[16]. Similarly, the factorization Z,; = Z, p X Z,» may become impossible.

Complications caused by such redundant DOF have been well known for
a long time in the field of molecular vibrations [36, 38]. Here, a few practical
recommendations have to suffice. Ideally, each dummy atom is connected
to the rest of the system by exactly three, non-redundant bonded terms.
For example, at the end of a chain of N—1 real atoms, these should be the
bond between atom N (the dummy atom) and atom N —1, the bond angle
On.n—1.n—2 and the dihedral angle 7y y_ 1 n_2n_3. The choice of these
three internal coordinates ensures that the contribution of the dummy atom
to the configurational partition function can be factored [36]. HIR also
discuss several possibilities that may arise for branched configurations. In
alchemical free energy simulations one can follow their conclusions by
simply removing the redundant angle and/or dihedral angle terms at the
endpoint where the atoms have become dummy atoms (cf. [16]). If a larger
group is transformed into a group of dummy atoms, this may become quite
tedious. This is the rule in dual topology simulations, where at each
endpoint the nonbonded interactions with a complete group are turned off
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(e.g., in the above example either the —CH,CI or the —CH,Br group is
decoupled) [14—16]. However, there is no need to avoid redundant DOF
completely. The focus has to be on the junction between the physical system
and the dummy group; usually, it is sufficient to make sure that the dummy
atom bound to the physical system is attached by non-redundant bonded
terms only; the remainder of the dummy group can contain redundant
DOF. If the suggestions just given are followed, the independence of the
PMF from hard and soft DOF involving dummy atoms is ensured. Further,
the force matrix automatically contains (at least) two block diagonal groups,
one for the physical system, the other for the dummy atoms (the dummy
group). Thus, the factorization of Z,; is guaranteed as well. Practical
examples are described in Ref. [16] although some of their ‘forbidden’
configurations seem to be unnecessarily restrictive; the treatment of the
dummy atoms in the iso-butane/propane model calculation presented next
also provides an illustrative case.

Having justified Eqgs. (16) and (17), we return to the role of dummy atoms
in single and double free energy differences. They contribute to Z; and Z,;,
(Z;pand Z,; p in Eq. (17)), and they add the separable term Z, resulting
from the soft DOF in which they participate (Eq. (16)). Consequently,
whenever dummy atoms are present at one or both end states, single free
energy differences will depend on the details of the force field terms
involving qp and Qp. However, this (artificial) contribution always cancels
from thermodynamic cycles, which can be seen as follows: While the
factorization leading to Egs. (8) and (11) relies on (i) the independence of the
hard DOF from nonbonded interactions and (ii) the RR approximation, it is
always valid for those intramolecular energy terms involving dummy atoms.
Concerning the first point (i), there are no nonbonded interactions (and, in
particular, solute—solvent interactions) to consider. Furthermore (ii), the
force constants of the bond stretching and angle bending terms in which
dummy atoms are involved can always be chosen high enough so that the
RR approximation is applicable. (It should be kept in mind that dummy
atoms are a necessary artifact of the simulation methodology, so their
parameterization is completely arbitrary.) This shows that the free energy
contributions from dummy atoms (resulting from Z; p, Z,; p and Zp) must
cancel exactly from thermodynamic cycle calculations (i.e., double free
energy differences), provided that the dummy atoms are treated identically
in the two steps. Particular treatments of dummy atoms may lead to
different convergence behavior of the simulations, but the final AAA must
be independent of these technical details. This requirement can serve as a
rigorous test of the setup chosen for a particular mutation or of the
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computer code used to carry out the simulations. The independence of
double free energy differences from the treatment of dummy atoms was
already argued in Ref. [14]; however, the formalism presented here makes
possible a cogent, more formal proof.

In addition, the considerations of this section show immediately the
equivalence of single and dual topology simulations for the calculation of
double free energy differences. In dual topology simulations, there are
always two dummy groups, one at each end state (in the above example,
these are the —CH,Cl and the —CH,Br group) [14—-16,27,28]. However,
since the analytical considerations just given apply to dummy atoms
regardless of the simulation methodology, any unphysical contributions of
these dummy groups cancel from the overall result. Thus, the same double
free energy difference as in an analogous single topology simulation is
obtained.

3. AN ILLUSTRATIVE APPLICATION

A central result of the Theory section is the independence of double free
energy differences from the treatment of dummy atoms. To verify this
conclusion numerically, the free energy difference of hydration between
iso-butane and propane was computed in a variety of ways (see Fig. 1).
The results also permit an analysis of the influence of dummy atoms
on alchemical single free energy differences. The technical details of the
calculations are described next (Sect. 3.1), followed by the presentation and
the discussion of the results (summarized in Tab. I) in Sect. 3.2.

3.1. Technical Details

Figure 1 shows an overview of all single free energy differences that were
computed to determine the free energy difference of hydration (AAA4,,,)
between iso-butane (abbreviated ibut) and propane (abbreviated prop).
Several alchemical paths (horizontal arrows in Fig. 1, transmutation of iso-
butane into propane in the gas phase and in solution), as well as chemical
paths (vertical arrows in Fig. 1, transfer of iso-butane or propane from the
gas phase into aqueous solution) were used. Since the two molecules do not
have the same number of atoms, the introduction of dummy atoms is
necessary at the propane endpoint along the alchemical paths (AA4s, AAy,
AA% and AA)). Their presence is made clear by the labels prop-d1 and prop-
d2 in Figure 1 (details of these hybrids are given below). Along the chemical
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FIGURE 1 Schematic representation of chemical and alchemical (single) free energy
differences calculated to determine the free energy difference of hydration AAA4,,;, between
iso-butane (ibut) and propane (prop). The labels prop-d1 and prop-d2 denote two propane-like
molecules with dummy atoms attached to them (see the main text for further details).

paths (AA;, AA4,), no dummy atoms are required. However, since neither
prop-d1 nor prop-d2 are identical to propane (prop), the free energy of
transferring prop-dl from the gas phase into aqueous solution was
calculated as well (AAj). This permits the exact closure of the thermo-
dynamic cycle AA; + AAs — AA, — AAs. The transformation prop-dl —
prop, ie., the removal of dummy atoms, AA4p, cannot be obtained from
computer simulations since it involves the breaking of bonds [14]. In the
appendix it is shown how the free energy difference for this step (AAp) can
be calculated analytically.

All free energy simulations were carried out with the PERT module of
CHARMM [44]. The locally modified version c28a2 of the program
permitted the use of soft core potentials to avoid van der Waals endpoint
problems [7, 8]; this enhancement is included in CHARMM versions c28a3
and higher. Only thermodynamic integration [3, 4] was used since with this
method it is straightforward to include all contributions from bonded
energy terms [14, 15,45]. Parameters were taken from the CHARMM all-
atom force field [34]. The solvated systems consisted of the solute (iso-
butane or propane) and 211 CHARMM modified TIP3P waters [46] in a
cubic box with a side length of 18.856 A. A group-based cutoff criterion was
applied to the nonbonded interactions, which were switched off smoothly
between 6.5 and 7.5 A. The nonbonded list was updated heuristically based
on a 9.4A cutoff. Since all charge groups in this system are neutral,
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acceptable results can be expected from this treatment of the electrostatic
interactions [10].

As SHAKE [47] was only applied to the water molecules and because the
masses of the hydrogen atoms were left at 1 amu, a timestep of 0.5fs was
chosen to avoid instabilities of the integrator. It has been observed that
good thermal equilibration of the system is crucial to obtain accurate and
precise free energy contributions from bonded energy terms [19, 39, 48]. This
was accomplished by the use of multiple Nosé-Hoover thermostats [49]. In
the gas phase simulations, separate thermostats were coupled to each of the
four charge groups present in iso-butane (and hence also in the hybrid
propanes with dummy atoms attached to them); in the solution calculations,
solute and solvent were coupled to separate thermostats.

All single free energy differences were calculated with the following
protocol: At A =0, the system was equilibrated for 200,000 steps, followed
by accumulation of (QU/ON), over 20,000 steps. The coupling parameter
was then incremented in steps of 0.025 till the endpoint A = 1 was reached; at
each A-value, 8,000 steps of equilibration were followed by 20,000 steps of
data accumulation. Overall, this amounts to 1,340,000 MD steps (670 ps) for
a single free energy difference. To obtain reliable error estimates for each
single free energy difference, three forward and backward calculations
(started from different random initial velocities) were carried out for all
simulations involving solvent, and ten forward and backward calculations
were carried out in the gas phase. For each mean value of the resulting six
(twenty) data points, the confidence interval for the population mean of the
data based on the Student t distribution with a confidence level of 0.95
is reported [50]. When free energy differences are combined (as in the
calculation of AAA,,,), the overall error estimate was obtained by error
propagation [50].

As already mentioned, at the propane endpoint in the alchemical
calculations three dummy atoms were needed. In the transmutation one
methyl (CHj3) group of iso-butane was changed into a HD5 group in prop-
d1 or prop-d2. In the prop-d1 hybrid molecule the force field parameters of
all bond stretching and bond angle terms involving this group were the same
as in iso-butane. The second hybrid, prop-d2, differs from prop-d1 by the
equilibrium bond-length of the H—D bond, which was reduced to 0.5A
(from 1.111A of the corresponding C—H bond in iso-butane). In both
hybrids all Urey-Bradley-like energy terms in which dummy atoms
participate were removed. In the CHARMM all-atom force field [34] the
CH;/HDj5 group is also involved in numerous dihedral angle terms (though
there are no improper dihedral angle terms). While the parameters of the
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dihedral angles involving the C/H atom (but no dummy atoms) were
changed as appropriate for the mutation of iso-butane into propane, all but
one dihedral angle involving the dummy atoms were deleted at the propane
endpoint. This removal of superfluous dihedrals is necessary to avoid the
pitfalls mentioned in Sect. 2.3 due to redundant DOF; see also Ref. [16]. In
this study only the C;—C,—H—D, dihedral was maintained (all others were
deleted); however, any other dihedral angle involving one of the dummy
atoms could have been used instead. The astute reader will have noticed that
there is also one redundant bond angle term in the HD; group at the
propane endpoint (there are six instead of five bond angle terms). However,
this term does not prevent the factorization of Z (Eq. (17)); in fact, its
presence accelerated the convergence of the calculations since the average
geometry of the HD; group was kept close to that of the corresponding
methyl group at the iso-butane endpoint.

3.2. Simulation Results

All results are summarized in Table I. It is organized in two main columns,
corresponding to the chemical (vertical) and alchemical (horizontal) paths
in Figure 1. In each of the two columns, the single free energy differences
(arrows in Fig. 1) are listed first, followed by the free energy differences of
hydration that can be calculated from them. Altogether, the simulations
carried out permit to obtain AAA,,, between iso-butane and propane in
four different ways. These double free energy differences (last two rows in
Tab. I) agree excellently with each other, and they are very close to the experi-
mental value of —0.31 kcal/mole [51]. While the error bars of the individual
results ( < 0.33 kcal/mole) reflect their high precision, the agreement between
the four AAA,,, values indicates also high accuracy. In particular,
the error of closing the thermodynamic cycle AA; + AAy — AA, — AA;

TABLE I Summary of simulation results obtained for the iso-butane/propane system. All free
energy differences are in kcal/mole. The labelling of the free energy differences is the same as in
Figure 1

Chemical paths Alchemical paths
AA, 2.10+0.24 AA; 20.59 + 0.04
AA, 1.74 £ 0.22 AAy 19.90 + 0.22
AA) 1.70 £ 0.15 AA 23.47 £ 0.04
AA} 23.09 £0.19

AANAy = AA) — AA, —0.40 +0.28 AAMAy = AA, — AA,  —0.38+0.19
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is just —0.29kcal/mole. Furthermore, this small value of =~kzT/2 is
well within the statistical error estimate for the sum of these four steps
of +0.36kcal/mole (obtained from error propagation of the individual
uncertainties listed in Tab. I). The high precision and accuracy of the
calculations provides numeric proof that there are no problems to include
free energy contributions from bonded energy terms correctly using
thermodynamic integration. While in this study very elaborate protocols
were used, precision and cycle closure errors on the order of 4 k3T (which
should usually be sufficient) could be obtained with significantly shorter
protocols (results not shown).

The first four lines in the right column of Table I list the alchemical single
free energy differences. The corresponding gas phase (AA4; and AA%) and
solution (AA4 and AA}) results differ, as they must since the endpoints
(prop-d1 and prop-d2) are not identical because of the parameterization
of the dummy atoms (¢f. Sect. 2.3). The two hybrid molecules have un-
equal H—D bond lengths (cf. Sect. 3.1); thus, the physical origin of this dif-
ference has to be the respective Jacobian factor contributions. This can
be demonstrated by a short analytical calculation. The difference between
prop-d1l and prop-d2 is the equilibrium bond length of the three H—D
bonds (1.111 vs. 0.5A, see (Sect. 3.1)). The corresponding free energy
difference [39] is given by AAfd,—d>)=3 x kgT x In(1.111/0.5)* =
2.85kcal/mole. This equals almost exactly the difference AA} — AA; =
2.88 +0.03 kcal/mole (gas phase), and the corresponding quantity in
solution AA} — AAs = 3.19 £ 0.34kcal/mole is very close. Comparing, on
the other hand, AA) with AA; (left column in Tab. I), one sees that the
dummy atoms do not influence chemical single free energy differences. In
this step (transfer of a molecule from the gas phase into solution) only
solute-solvent interactions are switched on. Since the dummy atoms of prop-
d1 never participate in nonbonded interactions and their parameterization
was chosen so that the properties of the physical system are not altered, their
presence (compared to true propane) does not give rise to a free energy
contribution.

The excellent agreement between the four AAA,,, values demonstrates
that double free energy differences are independent of the treatment of
dummy atoms. This can be seen in three ways. First, the results obtained
along the alchemical paths (AAA;;;, AAA;) agree excellently with AAA,.
Since in the calculation of AAA;=AA,—AA; no dummy atoms are
involved, the independence of the overall result from dummy atoms is
shown. Second, AAA; and AAA,; are identical. While the first value was
obtained with propane (AA,), a hybrid propane with three dummy atoms
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identical to the end state of the alchemical calculations AA4; and AA, was
used in the calculations determining AA’. The dummy atoms present in this
path do not influence the result as was to be expected from the theoretical
considerations of Sect. 2.3. Finally, the two free energy differences of
hydration computed along two alchemical paths (AAA;;, AAA;) agree
well. Here two parameterizations of the dummy atoms were compared (cf.
Sect. 3.1); yet (as expected) they have no influence on the final result (the
small difference of 0.3 kcal/mole is statistically not significant).

4. CONCLUDING DISCUSSION

In this paper a statistical mechanical treatment of the role of bonded
interactions and of dummy atoms in free energy simulations was presented.
The theoretical analysis (Sect. 2) permits one to derive many conclusions of
Refs. [14—-16] in a straightforward manner that is (almost) independent
from methodological considerations. Three types of contributions resulting
from changes of bond stretching and angle bending energy terms, Jacobian
factor, vibrational and PMF-like, could be distinguished in alchemical,
single free energy differences. Simultaneously, the theory demonstrates that
Jacobian factor and vibrational contributions cancel to a good approxima-
tion from parallel steps in a thermodynamic cycle (i.e., from double free
energy differences). This underlines the need to distinguish carefully between
single and double free energy differences when considering the role of
bonded energy terms (as well as of dummy atoms).

There are two instances when the cancellation of Jacobian factor and
vibrational contributions from double free energy differences may not be
accurate: (i) Bonded terms are not treated (transmuted) identically in the
two steps of the cycle. While this should never be necessary in practice,
analytical techniques can be used to correct for the artificial Jacobian factor
and/or vibrational contribution arising in this case (¢f. Refs. [39] and [43], as
well as the calculation of AA/dl — d2) in Sect. 3.2). (i) As discussed in
Sect. 2.2, the exact cancellation of Jacobian factor and vibrational free
energy contribution from double free energy differences relies on the validity
of the RR approximation and on the independence of the equilibrium
geometry of the solute from solute—solvent and solvent—solvent interac-
tions. Although fairly reasonable assumptions, possible problems and
inaccuracies are best avoided by always including all free energy
contributions from bonded energy terms in the calculations, as already
advocated by Boresch and Karplus [14, 15].
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While the separation of bonded contributions (and hence the cancellation
of Jacobian factor and vibrational contributions) is only approximate (cf.
Sect. 2.2 and previous paragraph), it was shown to be exact for those
bonded energy terms involving dummy atoms (Sect. 2.3). This implies that
with a correctly implemented program and some care concerning the
parameterization of dummy atoms (¢f. Sects. 2.3 and 3.1, as well as Ref. [16]),
double free energy differences must be independent of the treatment of the
dummy atoms. The numeric results for the iso-butane/propane system (Sect.
3.2) support this theoretical conclusion. (This casts doubts, e.g., on data
reported by Reddy et al. [22], where double free energy differences were
found to depend systematically on the bond length to dummy atoms.) In
addition, the independence of double free energy differences from dummy
atoms also shows that identical results must be obtained in single and dual
topology simulations of the same process. Again, the theoretical analysis
permitted a much clearer demonstration of this equivalence compared with
Refs. [14] and [15].

This work also contains numeric proof for some considerations given
in Ref. [14]. While Boresch and Karplus discussed conceptual differences
between chemical and alchemical paths, no calculations were reported for
chemical paths in Ref. [15] (with the exception of an extremely simplified,
one-dimensional model system). The single free energy differences obtained
for the iso-butane/propane system (in particular, those of the thermo-
dynamic cycle AA; + AAy — AA, — AA; (see Fig. 1)) can be used
immediately to support the considerations given in Sect. 2¢ of Ref. [14].
This becomes particularly clear by comparing the free energy components
obtained along the chemical and alchemical paths (data available upon
request). In Ref. [14] it was also mentioned that the free energy contributions
of dummy atoms could be calculated analytically when needed. A nontrivial
example of the necessary steps was given here in the appendix.

Together with the methodological aspects discussed in Refs. [14], the
theoretical framework presented here should suffice to resolve any questions
concerning the correct treatment of bonded energy terms in free energy
simulations. Unfortunately, the situation found in practice is much less clear
and depends heavily on the computer program used. As already mentioned
above, results by Reddy er al. [22] indicate problems of the MacroModel
program [52]. AMBER seems not to include vibrational and Jacobian factor
contributions [17,41,42]. Based on the results of Ref. [20], the GASP
algorithm of the BOSS program [53] correctly calculates vibrational
contributions, but omits the Jacobian factor term. Since vibrational and
Jacobian factor contributions cancel from double free energy differences
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(at least to a good approximation), neither of the last two examples is
critical. Nevertheless, they illustrate the practical difficulties which one may
face. For an unexperienced user (and even for an experienced one) it may be
very disconcerting that an alchemical single free energy difference for the
identical mutation (single topology calculation, identical treatment of
dummy atoms and bonded energy terms) and employing the same force
field, can be very different when calculated with, e.g., AMBER [42], the
PERT module of CHARMM [44], or BOSS [53]. In this context it has to be
remembered that much of the confusion concerning the role of bonded free
energy contributions was caused by an insufficient understanding of
the differences between the various computer programs used, in particular,
the consequences of employing a single or a dual topology methodology
(see the Discussion in Ref. [15]). It would, therefore, be extremely helpful if
the behavior of the various computer programs in widespread use with
respect to their treatment of bonded energy terms in free energy simulations
were documented. This should be a straightforward task based on the
theoretical analysis presented here.
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APPENDIX: CALCULATION OF AA4)

The thermodynamic cycle depicted in Figure 1 contains a step labelled AA4p,
the free energy difference between prop-dl and propane plus the three
detached dummy atoms in the gas phase. Since it involves the breaking of
three bonds, it cannot be obtained from a simulation [14]; however, the free
energy difference corresponding to this step can be calculated analytically
using the techniques described in Refs. [36] and [39]. Since the dummy atoms
in prop-d1 do not affect the properties of the propane molecule (Sect. 2.3
and numeric results), all calculations can be carried out in the gas phase.
Although the free energy difference between prop and prop-d1 is not needed
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to determine AAA,,,, the calculation is an interesting, non-trivial
application of the analytical techniques of HJR.
Our goal is the computation of the free energy difference for the step

prop-dl — prop+3D (18)

Following HJR, this free energy difference is best computed atom by atom,
attaching one dummy atom at the time to propane. The first dummy atom
D; is held in place by the H—D; bond r, the C,—H—D; bond angle #; and
the C;—C,—H—D, dihedral angle 7. The free energy difference between the
bonded D; and the free dummy atom is then given by [36]

r2sin 011/ 2rksT)® /K. Kp K,
— _ksTIn 1\/( B ) / 0,

AA
D, VO )

(19)

where V), is the volume available to the free atom corresponding to the
standard state (e.g., 1 mole/l), and K denotes the force constants. The
contribution from the dihedral angle 7 is approximated harmonically.

Dummy atom D5 is connected to propane by a bond » (H—D,) and two
bond angles, the C,—H—D; bond angle #,, and the D,—H—D, bond angle
0>. The free energy of attaching an atom in this manner is [36]

(r2/ sin )/ (2mkaT)? /K. Ko, Koy

AAp, = —kgT1
D Bl In Vo

(20)

The angle v in the Jacobian factor term is the angle between the two planes
DQ’H’DI and Dl’H’Cz.

For the third dummy atom D; an analogous free energy difference has
to be added. However, our parameterization of prop-dl used in the
simulations included an additional bond angle of type 6,, i.e., an
D—H—D angle. In the MD simulations, this term is required for practical
reasons to keep the three dummy atoms in a geometric arrangement
resembling a methyl group; without it, very bad convergence was observed
in the simulations. Since it is, however, a so-called redundant degree of
freedom, it complicates the analytical calculation somewhat [36]. Using the
redundancy relation for YCXj5-like molecules [38] permits to express the
force matrix for the system (over-determined by the redundant third 6,
angle) in terms of the non-redundant five other bond angles (three of type 6,
two of type 6,), and one finds for the (vibrational) free energy contribution
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of this additional angle term

kBT n Kgl ng
2 3K931 ng + 3K§l 1<32

AAp, rea = (21)

Thus, the full free energy difference for the process Eq. (18) is obtained as
AAp = AAp, + 2AAp, + AAp, rea.

Alternatively, the free energy difference can also be obtained by
computing the translational, rotational and vibrational free energy of
prop-dl and prop, respectively (where the vibrational free energy has to
obtained from a normal coordinate analysis) [30,39]. When calculating
the free energy difference by both methods (using the actual parameters),
the results of the two approaches differed by not more than 0.02 kcal/mole
(results available upon request).
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